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Abstract
Assuming the existence of the L-operators, we study the Hopf algebroid structure of Uq,p(B
(1)
N ).
As an application, we derive the type I and II vertex operators, which intertwine the
Uq,p(B
(1)
N )-modules of generic level, by assuming some analytic properties of the L-operators.
For the level-1 case, we construct their free field realizations and show that the results satisfy





The algebra Uq,p(ĝ) [6, 13, 20] is an elliptic analogue of the quantum affine algebra Uq(ĝ) in
the Drinfeld realization [4] associated with the affine Lie algebra ĝ. The Uq,p(ĝ) is expected
to give a realization of the face type elliptic quantum group [7, 12] equipped with the Hopf
algebroid structure. In the previous works [13, 18, 23], we have constructed the L-operator of
Uq,p(A
(1)
N ) in terms of the elliptic currents, the generating functions of the Drinfeld generators
of Uq,p(A
(1)
N ). The L-operator satisfies the RLL-relation with the elliptic dynamical R-matrix
of the A
(1)
N type [10] and allows us to define the Hopf algebroid structure to Uq,p(A
(1)
N ).
The elliptic quantum group Uq,p(A
(1)
N ) equipped with the Hopf algebroid structure has proved
to be quite useful in construction of both the finite and infinite dimensional representations as
well as their intertwining operators, i.e. the vertex operators, in terms of the free fields. Such
construction becomes a central tool in the algebraic analysis of the face type solvable lattice
1
models associated with the vector representation of ĝ [10] in the spirit of Jimbo and Miwa [11].
See for example [19,26,27].





N ) itself has an interesting connection to the deformation of Fateev-Lukyanov’s [25]
WBN algebra [6]. Assuming the existence of the L-operators in the elliptic algebra Uq,p(B
(1)
N ),
we give an Hopf algebroid structure of Uq,p(B
(1)
N ). We then define the type I and II vertex
operators as the intertwining operators of the Uq,p(B
(1)
N )-modules of generic level. By assuming
some analytic properties of the L-operators and the half currents, which are expected to be
defined recursively through the Gauss decomposition of the L-operators, we show that the com-
ponents of the both types of vertex operators are constructed by applying certain half currents
to the top component. For the level-1 case, we construct their free field realizations and show
that the results satisfy the desired commutation relations with coefficients given by the elliptic
dynamical R-matrices of the B
(1)
N type. These results give elliptic and dynamical analogues of
those obtained for Uq(B
(1)
N ) in [1, 14].
This paper is organized as follows. In Sec.2, we define the elliptic algebra Uq,p(B
(1)
N ) as a
certain topological algebra. In particular, we introduce the orthonormal basis type elliptic bosons
and define the elliptic currents k±j(z). The Sec.3 is devoted to a conjecture of the construction
of the L-operators in terms of the half currents of Uq,p(B
(1)
N ). In Sec.4, assuming the existence of
the L-operators we introduce the H-Hopf algebroid structure to Uq,p(B
(1)
N ). In Sec.5, we give the
vector representation and the level-1 highest weight representation of Uq,p(B
(1)
N ). In Sec.6, after
giving a construction of the type I and II vertex operators at generic level, we present a free field
realization of the level 1 vertex operators and show that they satisfy the desired commutation
relations with the coefficients given by the elliptic dynamical R-matrices. In Appendix A, we
summarize a connection of Uq,p(B
(1)
N ) to the quasi-Hopf formulation Bq,λ(B
(1)
N ) of the elliptic




2 Elliptic Algebra Uq,p(B
(1)
N )
In this section, we give a definition of the elliptic algebra Uq,p(B
(1)






Let A = (aij) i, j ∈ {0}∪I, I = {1, · · · , N} be the B
(1)
N type generalized Cartan matrix [15]. We
denote by B = (bij), bij = diaij the symmetrization of A with d0 = · · · = dN−1 = 1, dN = 1/2.
Let q = e~ ∈ C[[~]] and set qi = q





























(1− xqn), (x; q, t)∞ =
∞∏
n,m=0
(1− xqntm), Θp(z) = (z; p)∞(p/z; p)∞(p; p)∞.
Let h = h˜ ⊕ Cd, h˜ = h¯ ⊕ Cc, h¯ = ⊕i∈IChi be the Cartan subalgebra of B
(1)
N . Define
δ,Λ0, αi (i ∈ I) ∈ h
∗ by
< αi, hj >= aji, < δ, d >= 1 =< Λ0, c >, (2.1)
the other pairings are 0. We also define Λ¯i (i ∈ I) ∈ h
∗ by
< Λ¯i, hj >= δi,j (2.2)
We set h¯∗ = ⊕i∈ICΛ¯i, h˜
∗ = h¯∗⊕CΛ0, Q = ⊕i∈IZαi and P = ⊕i∈IZΛ¯i. Let {ǫj (1 ≤ j ≤ N)} be
an orthonormal basis in RN with the inner product (ǫj , ǫk) = δj,k. We realize the simple roots by
αj = ǫj−ǫj+1 (1 ≤ j ≤ N−1), αN = ǫN and the fundamental weights by Λ¯j = ǫ1+ · · ·+ǫj (1 ≤
j ≤ N − 1), Λ¯N = (ǫ1 + · · · + ǫN )/2. We define hǫj ∈ h¯ (j ∈ I) by < ǫi, hǫj >= (ǫi, ǫj) and
hα ∈ h¯ for α =
∑
j cjǫj, cj ∈ C by hα =
∑
j cjhǫj . We regard h¯⊕ h¯
∗ as the Heisenberg algebra
by
[hǫj , ǫk] = (ǫj , ǫk), [hǫj , hǫk ] = 0 = [ǫj , ǫk]. (2.3)
In particular, we have [hj , αk] = ajk. We also set h
j = hΛ¯j .
Let {Pα, Qβ} (α, β ∈ h¯
∗) be the Heisenberg algebra defined by the commutation relations
[Pǫj , Qǫk ] = (ǫj , ǫk), [Pǫj , Pǫk ] = 0 = [Qǫj , Qǫk ], (2.4)
where Pα =
∑
j cjPǫj for α =
∑
j cjǫj . We set Ph¯ = ⊕j∈ICPǫj , Qh¯ = ⊕j∈ICQǫj Pj = Pα∨j , P
j =
PΛ¯j and Qj = Qαj , Q
j = QΛ¯∨j .
For the abelian group RQ =
∑N
j=1 ZQαj , we denote by C[RQ] the group algebra over C
of RQ. We denote by e
α the element of C[RQ] corresponding to α ∈ RQ. These e
α satisfy
eαeβ = eα+β and (eα)−1 = e−α. In particular, e0 = 1 is the identity element.
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Now let us consider to double the Cartan subalgebra : H = h˜ ⊕ Ph¯ =
∑
j C(Pǫ¯j + hǫ¯j ) +∑
j CPǫ¯j + Cc. We denote its dual space by H
∗ = h˜∗ ⊕ Qh¯. We define the paring by (2.2),
< Qα, Pβ >= (α, β) and < Qα, hβ >=< Qα, c >=< Qα, d >= 0 =< α,Pβ >=< δ, Pβ >=<
Λ0, Pβ > . We define F =MH∗ to be the field of meromorphic functions on H
∗.
Definition 2.1. [6] The elliptic algebra Uq,p(B
(1)
N ) is a topological algebra over F[[p]] generated




j , (j ∈ I,m ∈ Z, n ∈ Z 6=0), d̂ and the central element c. We assume




























































We call ej(z), fj(z), ψ
±
j (z) the elliptic currents. The defining relations are as follows. For
g(P ), g(P + h) ∈ MH∗,
g(P + h)ej(z) = ej(z)g(P + h), g(P )ej(z) = ej(z)g(P− < Qαj , P >), (2.5)
g(P + h)fj(z) = fj(z)g(P + h− < αj, P + h >), g(P )fj(z) = fj(z)g(P ), (2.6)
[g(P ), α∨i,m] = [g(P + h), α
∨
i,n] = 0, (2.7)
g(P )K±j = K
±
j g(P− < Qαj , P >), (2.8)
g(P + h)K±j = K
±
j g(P + h− < Qαj , P >), (2.9)
[d̂, g(P + h)] = [d̂, g(P )] = 0, (2.10)
[d̂, α∨j,n] = nα
∨
j,n, [d̂, ej(z)] = −z
∂
∂z




















































































































×fi(zσ(1)) · · · fi(zσ(s))fj(w)fi(zσ(s+1)) · · · fi(zσ(a)) = 0 (i 6= j, a = 1− aij), (2.20)
where p∗ = pq−2c and δ(z) =
∑
n∈Z z
n. We also denote by U ′q,p(ĝ) the subalgebra obtained by
removing d.
We treat the relations (2.11), (2.14)-(2.20) as formal Laurent series in z, w and zj ’s. All the
coefficients in zj ’s are well-defined in the p-adic topology.
2.2 The orthonormal basis type elliptic bosons
It is convenient to introduce the simple root type generators αj,m and α
′









































Let η = −(2N − 1)/2. Let us further introduce the orthonormal basis type elliptic bosons




























n ] = δm+n,0
[cm]q[ηm]q[2(η + 1)m]q





















n ] = ∓sgn(k − j)δm+n,0q
∓(sgn(k−j)η+k−j)m [cm]q[ηm]q







n ] = ∓δm+n,0q
±(η+j+k)m [cm]q[ηm]q





sgn(l − j) =
+ (l > j),− (l < j).











m/2 − q−m/2)(q−m/2E+Nm − q
m/2E−Nm ). (2.33)
The following formulae are also useful.
Proposition 2.4. For 1 ≤ i, j ≤ N , the following commutation relations hold.
[αi,m, E
±j





q−cm(q∓mδi,j − δi,j−1), (2.34)






±mδi,j − δi−1,j), (2.35)




±mδi,j − δi−1,j). (2.36)








 : . (2.37)
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Then the elliptic currents ψ±j (z) in Definition 2.1 can be written as
ψ+j (q
− c




2 z) = K−j ψj(pq
−cz). (2.38)
Let us introduce the new elliptic currents k±j(z) (j ∈ {0} ∪ I) associated with E
±j
m by









k0(z) = : k−N (q
−1/2z)ψN (q
−1/2z) :=: k+N (q
1/2z)ψN (q
1/2z)−1 : . (2.40)
Then from Proposition 2.3 we have the following decompositions.
Proposition 2.5.




ψN (z) = : k+N (z)k0(q
−1/2z)−1 :=: k−N (z)
−1k0(q
1/2z) : . (2.42)




















































































−jz1) (1 ≤ j ≤ N),
where z = z1/z2, and ρ˜
+(z) is a function which appears associated with the elliptic dynamical







where ξ = q−2η, {z} = (z; p, ξ2)∞. We also set ρ˜












ej−1(z2)k±j(z1) (2 ≤ j ≤ N),










fj−1(z2)k±j(z1) (2 ≤ j ≤ N),






















N−1/2z1) (1 ≤ j ≤ N − 1).
2.4 The H-algebra Uq,p(B
(1)
N )
Let A be a complex associative algebra, H be a finite dimensional commutative subalgebra of
A, and MH∗ be the field of meromorphic functions on H
∗ the dual space of H.
Definition 2.8 (H-algebra [5]). An H-algebra is an associative algebra A with 1, which is
bigraded over H∗, A =
⊕
α,β∈H∗
Aα,β, and equipped with two algebra embeddings µl, µr : MH∗ →
A0,0 (the left and right moment maps), such that
µl(f̂)a = aµl(Tαf̂), µr(f̂)a = aµr(Tβ f̂), a ∈ Aα,β, f̂ ∈ MH∗ ,
where Tα denotes the automorphism (Tαf̂)(λ) = f̂(λ+ α) of MH∗.
Proposition 2.9. U = Uq,p(B
(1)








∣∣∣ qP+hxq−(P+h) = q<α,P+h>x, qPxq−P = q<β,P>x ∀P + h, P ∈ H}
and µl, µr : F→ U0,0 defined by
µl(f̂) = f̂(P + h, p) ∈ F[[p]], µr(f̂) = f̂(P, p
∗) ∈ F[[p]].
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We regard Tα = e
α ∈ C[RQ] as the shift operator MH∗ →MH∗
(Tαf̂) = e
αf̂(P, p∗)e−α = f̂(P+ < α,P >, p∗).
Hereafter we abbreviate f(P + h, p) and f(P, p∗) as f(P + h) and f∗(P ), respectively.




f̂αTα | f̂α ∈MH∗ , α ∈ RQ },
Dα,α = { f̂T−α }, Dα,β = 0 (α 6= β),
µDl (f̂) = µ
D
r (f̂) = f̂T0 f̂ ∈MH∗ .
Then we have the H-algebra isomorphism
U ∼= U⊗˜D ∼= D⊗˜U. (2.44)
3 The L-operators and The Dynamical RLL-relations
We introduce the elliptic dynamical R-matrix of the B
(1)
N type as a certain gauge transforma-
tion of Jimbo-Miwa-Okado’s face type Boltzmann weight given in [10]. Then we propose a




Hereafter we regard q, p as a generic complex number satisfying |q|, |p| < 1 and set p = q2r.









where we set z = q2u.
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3.1 The elliptic dynamical R-matrix of the B
(1)
N type
Let I = {0,±1,±2, · · · ,±N}. We fix the order 1 ≺ 2 ≺ · · · ≺ N ≺ 0 ≺ −N ≺ · · · ≺ −2 ≺ −1.
Let us consider the elliptic dynamical R-matrix of the B
(1)
N type given by



























ej(u, s)E−j,j ⊗ Ej,−j
 , (3.3)








ρ+0 (u) = q
−1z
1
























d(u, sj , sk) = Gsj
[u][1][sj + sk + 1 + η − u]




[sj − sm + 1]
k−1∏
m=1
[sk − sm + 1]
[sk − sm]
(j ≺ k  0)
d(u, s−k, s−j) = Gs−j
[u][1][s−j + s−k + 1 + η − u]




[s−j + sm + 1]
k−1∏
m=1
[s−k + sm + 1]
[s−k + sm]
(0  −k ≺ −j)
d(u, sj , s−k) = GsjGs−k
[u][1][sj + s−k + 1 + η − u]








[s−k + sm + 1]
(j ≺ 0 ≺ −k),
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d¯(u, sj , sk) = Gsk
[u][1][sj + sk + 1 + η − u]
[η − u][u+ 1][sj + sk + 1]
j−1∏
m=1





[sk − sm + 1]
(j ≺ k  0),
d¯(u, s−k, s−j) = Gs−k
[u][1][s−j + s−k + 1 + η − u]
[η − u][u+ 1][s−j + s−k + 1]
j−1∏
m=1





[s−k + sm + 1]
(0  −k ≺ −j),
d¯(u, sj , s−k) =
[u][1][sj + s−k + 1 + η − u]
[η − u][u+ 1][sj + s−k + 1]
j−1∏
m=1




[s−k + sm + 1]
[s−k + sm]
(j  0  −k),
ej(u, s) =
[1][2sj + 1− u]
[u+ 1][2sj + 1]
+
[u][1][2sj + 1 + η − u]
[η − u][u+ 1][2sj + 1]
Gsj (j 6= 0),
e0(u, s) =
[η + u][1][2η − u]





where for k,−k = 0 the product
k−1∏
m=1
should be understood as
N∏
m=1









































ρ+(u)ρ+(−u) = 1, ρ+(η − u) = ρ+(u)
[u][η − u+ 1]
[u+ 1][η − u]
. (3.4)
The matrix R+(u, s) in (3.3) is related to Jimbo-Miwa-Okado’s face type Botzmann weight
[10] by the gauge transformation. For j ∈ I, we set ĵ = ǫj for 1  j  N , ĵ = −ǫ|j| for











[sj − sm + 1]
[sj − sm]










[sj + sm + 1]
[sj + sm]
if 0 ≺ j
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For a ∈ h˜∗, ρ = Λ0 + Λ1 + · · · + ΛN and aj =< a+ ρ, ĵ >, we identify aj with sj. Then we
have
R+(u, s)ijkl =W
 a a+ î
a+ l̂ a+ î+ ĵ
∣∣∣∣∣∣ u
 (i+ j = k + l),
W
 a a+ î
a+ l̂ a+ î+ ĵ
∣∣∣∣∣∣ u
 = ρ+(u) [η][1]
[η − u][u+ 1]
F (a, a + î)F (a+ î, a+ î+ ĵ)
F (a, a+ l̂)F (a+ l̂, a+ l̂ + k̂)
×WJMO
 a a+ î
a+ l̂ a+ î+ ĵ
∣∣∣∣∣∣ u
 (3.5)






 = F (b, c)F (c, b)
















 = ( F (a, b)F (b, c)















































[ai − aj ][ai + aj] (3.7)
and ε(a) is a sign factor such that ε(a+ ĵ)/ε(a) = 1.
Remark. The choice of the gauge (3.5) and the resultant R-matrix (3.3) is convenient to discuss
the RLL-relations in the next sections, because it allows the L-operator L̂−(u) to be related
to L̂+(u) simply by L̂−(u) = L̂+(u + r − c2), i.e. one needs no extra modifications follow from
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Proposition 4.3 in [12] (4.8). Note that p in [12] is p∗ in the present paper. See also [13].
One drawback is that one needs to introduce a set of extra generators and a central extension
to the group algebra C[RQ] in order to remove constant gauge factors such as q
1/r and q1/r
∗
in a realization of the proper modified elliptic currents, which will be discussed in the next
section. See Remark below Proposition 3.10 in [18]. However in order to avoid such unessential
complications, we hereafter treat the whole formulas up to those constant gauge factors.
3.2 Modified elliptic currents
Since our elliptic R-matrix is given by the theta functions (3.1) accompanied by the fractional




r∗ (1 ≤ j ≤ N − 1),







r (1 ≤ j ≤ N − 1),









































































































: (1 ≤ j ≤ N − 1),


























































[u1 − u2 − 1]
∗[u1 − u2]
[u1 − u2]∗[u1 − u2 − 1]
K++l(u2)K
+







∗[u1 − u2 − 1]
[u1 − u2 − 1]∗[u1 − u2]
K+−l(u2)K
+






[u1 − u2 + η + j − 1]
∗[u1 − u2 − 1]
∗
[u1 − u2 + η + j]∗[u1 − u2]∗
×
[u1 − u2 + η + j][u1 − u2]









[u1 − u2 − 1]
∗[u1 − u2]
[u1 − u2]∗[u1 − u2 − 1]
K+−l(u2)K
+






[u1 − u2 − 1]









[u1 − u2 + 1][u1 − u2 −
1
2 ]














u1 − u2 +
j−c
2 − 1
]∗Ej(u2)K++j(u1) (1 ≤ j ≤ N),
K++j(u1)Ej−1(u2) =
[





u1 − u2 +
j−1−c
2 + 1
]∗Ej−1(u2)K++j(u1) (2 ≤ j ≤ N),
K+j (u1)El(u2) = El(u2)K
+
j (u1) (l 6= j, j − 1),
K+−j(u1)Ej(u2) =
[





u1 − u2 −
j+c
2 − η + 1
]∗Ej(u2)K+−j(u1) (1 ≤ j ≤ N),
K+−j(u1)Ej−1(u2) =
[





u1 − u2 −
j−1+c
2 − η − 1
]∗Ej−1(u2)K+−j(u1) (2 ≤ j ≤ N),
K+−j(u1)El(u2) = El(u2)K
+









u1 − u2 +
j
2
] Fj(u2)K++j(u1) (1 ≤ j ≤ N),
K++j(u1)Fj−1(u2) =
[





u1 − u2 +
j+1
2 − 1
]Fj−1(u2)K++j(u1) (2 ≤ j ≤ N),
K+j (u1)Fl(u2) = Fl(u2)K
+
j (u1) (l 6= j, j − 1),
K+−j(u1)Fj(u2) =
[
u1 − u2 −
j
2 − η + 1
]
[
u1 − u2 −
j
2 − η
] Fj(u2)K+−j(u1) (1 ≤ j ≤ N),
K+−j(u1)Fj−1(u2) =
[





u1 − u2 −
j+1
2 − η + 1
]Fj−1(u2)K+−j(u1) (2 ≤ j ≤ N),
K+−j(u1)Fl(u2) = Fl(u2)K
+
−j(u1) (l 6= j, j − 1),
and
K+0 (u1)EN (u2) =
[




u1 − u2 +
N−c
2 − 1
]∗ [u1 − u2 + N−c−12 ]∗[




K+0 (u1)Ej(u2) = Ej(u2)K
+
0 (u1) (j 6= N, 0),
K+0 (u1)FN (u2) =
[




u1 − u2 +
N
2
] [u1 − u2 + N+12 ][




K+0 (u1)Fj(u2) = Fj(u2)K
+
0 (u1) (j 6= N, 0).
In addition, the defining relations (2.5)–(2.20) of Uq,p(B
(1)
N ) can be rewritten as follows in
the sense of analytic continuation.
Proposition 3.4.
[hi, αj,n] = 0, [hi, Ej(u)] = aijEj(u), [hi, Fj(u)] = −aijFj(u), (3.8)






















































































































































×Fi(uσ(1)) · · ·Fi(uσ(s))Fj(v)Fi(uσ(s+l)) · · ·Fi(uσ(a)) = 0 (i 6= j, a = 1− aij).
3.3 The half currents and the L-operators
We next introduce the half currents E±i,j(u), F
±
j,i(u) (1  i ≺ j  −1) and propose a construction
of the L-operators of Uq,p(B
(1)
N ).















































[u− u′j + (P + h)−(j+1),−j −
j
2 − η − 1][1]
[u− u′j −
j



















∗[P−(j+1),−j − 1 + δj,N ]∗
,







































































2 [1][Pj,j+1 + hj,j+1 − 2− u]
[Pj,j+1 + hj,j+1 − 2][u]
+ F+j,j+1(u2)
2 [1][Pj,j+1 + hj,j+1 − 2 + u]










−1 c¯(u, (P + h)j,j+1)
b¯(u)
K+j (u1).
Proposition 3.7. For 1  j  −2, j 6= N, 0 the relations in Proposition 3.6 and those for
K+j (u),K
+















j,j+1 (u1 − u2, P − h
(1) − h(2)), (3.16)
where
R+j,j+1(u, s) = ρ
+(u)

1 0 0 0
0 b(u, sj,j+1) c(u, sj,j+1) 0
0 c¯(u, sj,j+1) b¯(u) 0










Definition 3.8. By means of the basic half currents E±j+1,j(u), F
±
j,j+1(u) (1  j  −2), we define
the other half currents E±i,j(u), F
±
j,i(u) (1  i ≺ j  −1, j = i + 1) by requiring the following
conditions.
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1) The half currents E±j,i(u) and F
±




































), K−j (u) = K
+










1,3(u) · · · F
+
1,−1(u)









. . . 1 F+−2,−1(u)
0 · · · · · · 0 1






. . . 0
















. . . 1 0
E+−1,1(u) E
+





Due to 1), the matrix products in (3.18) are well defined in the p-adic topology. Then
L̂+(u) and L̂−(u) = L̂+(u+ r − c/2) satisfy the following RLL-relations.
















, P − h(1) − h(2)).
(3.20)
Here








Remark. Since ρ+(u)/ρ+∗(u) = ρ+0 (u)/ρ
+∗
0 (u), the RLL-relations (3.16), (3.19), (3.20) remain
unchanged even if one uses ρ+0 (u) and ρ
+∗
0 (u) instead of ρ
+(u) and ρ+∗(u), respectively. See
Sec.6
Conjecture 3.9. The RLL-relation (3.19) and (3.20) determines the half currents E±j,i(u), F
±
i,j(u)
(1  i ≺ j  −1, j 6= i+ 1) recursively and uniquely from the basic ones in Definition 3.5.
In fact, the half currents E±j,i(u), F
±
i,j(u) with 1  i ≺ j ≺ 0 or 0 ≺ i ≺ j  −1 are determined
recursively by the basic ones in the same way as for Uq,p(A
(1)
N ) case [2,24]. As for the other half
currents E±j,i(u), F
±
i,j(u) with 1  i  0 ≺ j  −1 or 1  i ≺ 0  j  −1, we have observed
that the combinations E+j,i(u + c/4) − E
−
j,i(u − c/4) and F
+
i,j(u − c/4) − F
−
j,i(u + c/4) satisfy a
system of linear equations with the operator valued coefficients given by the total elliptic currents
respectively. In addition, the half currents E±−1,1(u) (reps. F
±
1,−1(u)) is determined by all the
other half currents E±j,i(u) (resp. F
±
i,j(u)) i ≺ j. An explicit expression for the half currents
E±j,i(u), F
±
i,j(u) (1  i ≺ j ≺ 0 or 0 ≺ i ≺ j  −1) and conjectural expressions for the other half
currents are given in Appendix B.
The existence of the operator L̂+(u) satisfying (3.19)-(3.20), and hence the existence and the
uniqueness of the half currents, can also be seen in the following argument. Consider the elliptic
quantum group Bq,λ(B
(1)
N ) realized by the Chevalley generators equipped with the quasi-Hopf
algebra structure [12]. See Appendix A. Note that Bq,λ(ĝ) is isomorphic to the Drinfeld-Jimbo’s
quantum affine algebra Uq(ĝ) [3, 9] as an associative algebra. In addition, we have shown the
isomorphism [6]
Uq,p(ĝ)/pUq,p(ĝ) ∼= (MH∗ ⊗C Uq(ĝ))♯C[RQ]
where Uq(ĝ) is the quantum affine algebra in the Drinfeld realization. Furthermore in [13]
Appendix A, we have obtained a realization of Uq,p(ĝ) in terms of the Drinfeld generators in
Uq(ĝ) and a Heisenberg algebra C[Pαj , e
Qαj (j ∈ I)]1. Note that such realization is well-defined
in the p-adic topology. Hence applying the isomorphism between the Drinfeld-Jimbo realization
of Uq(ĝ) in terms of the Chevalley generators and the Drinfeld realization of the same algebra
interms of the Drinfeld generators, one can expect the isomorphism
Uq,p(ĝ) ∼= Bq,λ(r∗,P )(ĝ)♯C[RQ] (3.21)
as an associative algebra. Here λ(r∗, P ) is given in Appendix A. In fact one can derive the same
RLL-relations as (3.19)-(3.20) by using the universal R-matrix of Bq,λ(ĝ). There the L
±(u)
1The Heisenberg generators Pαj , Qαj are related to Pj , Qj in [13] by Pαj = djPj , Qαj = −2Qj , respectively.
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operators are the elements in EndCV ⊗Bq,λ(r∗,P )(ĝ)♯C[RQ] and satisfy L
−(u) = L+(u+r∗+c/2).











































satisfy the same relations as the elliptic currents Ej(u) and Fj(u) in Proposition 3.4 [2,24]. Note
that the formulas in Definition 3.5 gives a solution to (3.22)-(3.23). However we have not yet
succeeded to confirm similar formulas for the j = N case due to a difficulty of extracting the
relations for these half currents from the RLL-relations.
4 Hopf Algebroid Structure
In this section, we introduce an H-Hopf algebroid structure into the elliptic algebra Uq,p(B
(1)
N )
and formulate it as an elliptic quantum group.
4.1 Definition of the H-Hopf algebroid
Let us recall some basic facts on the H-Hopf algebroid following the works of Etingof and
Varchenko [5] and of Koelink and Rosengren [17].
Definition 4.1 (H-bialgebroid). An H-bialgebroid is an H-algebra A equipped with two H-
algebra homomorphisms ∆ : A → A⊗˜A (the comultiplication) and ε : A → D (the counit) such
that
(∆⊗˜id) ◦∆ = (id⊗˜∆) ◦∆,
(ε⊗˜id) ◦∆ = id = (id⊗˜ε) ◦∆,
under the identification (2.44).
Definition 4.2 (H-Hopf algebroid). An H-Hopf algebroid is an H-bialgebroid A equipped with
a C-linear map S : A→ A (the antipode), such that
S(µr(f̂)a) = S(a)µl(f̂), S(aµl(f̂)) = µr(f̂)S(a), ∀a ∈ A, f̂ ∈ Mh∗ ,
m ◦ (id⊗˜S) ◦∆(a) = µl(ε(a)1), ∀a ∈ A,
m ◦ (S⊗˜id) ◦∆(a) = µr(Tα(ε(a)1)), ∀a ∈ Aαβ ,
20
where m : A⊗˜A→ A denotes the multiplication and ε(a)1 is the result of applying the difference
operator ε(a) to the constant function 1 ∈MH∗ .
The H-algebra D is an H-Hopf algebroid with ∆D : D → D⊗˜D, εD : D → D, SD : D → D
defined by
∆D(f̂T−α) = f̂T−α⊗˜T−α,
εD = id, SD(f̂T−α) = Tαf̂ = (Tαf̂)Tα.
4.2 The H-Hopf algebroid Uq,p(B
(1)
N )
Now let us consider the H-Hopf algebroid structure on U = Uq,p(B
(1)
N ). Let us consider the
generating function of the L-operator matrix elements L+i,j(u). We define two H-algebra homo-
morphisms, the co-unit ε : U → D and the co-multiplication ∆ : U → U⊗˜U by
ε(L+i,j(u)) = δi,jTQǫi (n ∈ Z), ε(e
Q) = eQ, (4.1)







∆(eQ) = eQ⊗˜eQ, (4.4)
∆(µl(f̂)) = µl(f̂)⊗˜1, ∆(µr(f̂)) = 1⊗˜µr(f̂). (4.5)
In fact, one can check that ∆ preserves the RLL-relations (3.19)-(3.20).
Lemma 4.3. The maps ε and ∆ satisfy
(∆⊗˜id) ◦∆ = (id⊗˜∆) ◦∆, (4.6)
(ε⊗˜id) ◦∆ = id = (id⊗˜ε) ◦∆. (4.7)
Combining this with theH-algebra structure, the set (U,∆,MH∗ , µl, µr, ε) is anH-bialgebroid.
From (4.3), one can derive the following coproduct formulas for the basic half currents.
Proposition 4.4.















































































































































































































Now let us define formally an algebra antihomomorphism (the antipode) S : U → U by
S(L+(z)) = L+(z)−1,
S(eQ) = e−Q, S(µr(f̂)) = µl(f̂), S(µl(f̂)) = µr(f̂).
Then we have the following Lemma.
Lemma 4.5. The map S satisfies the antipode axioms
m ◦ (id ⊗ S) ◦∆(x) = µl(ε(x)1), ∀x ∈ U,
m ◦ (S ⊗ id) ◦∆(x) = µr(Tα(ε(x)1)), ∀x ∈ (U)αβ .
From Lemmas 4.3 and 4.5, we have
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Theorem 4.6. The H-algebra Uq,p(B
(1)
N ) equipped with (∆, ε, S) is an H-Hopf algebroid.
Definition 4.7. We call the H-Hopf algebroid (Uq,p(B
(1)
N ),H,MH∗ , µl, µr,∆, ε, S) the









V̂λ,µ, V̂λ,µ = {v ∈ V̂ | q
P+h · v = q<λ,P+h>v, qP · v = q<µ,P>v ∀P + h, P ∈ H}.










 X ∈ EndCV̂
∣∣∣∣∣∣∣∣
f(P + h)X = Xf(P + h+ < α,P + h >),
f(P )X = Xf(P+ < β,P >)





l (f̂)v = f(< λ,P + h >, p)v, µ
D
H,V̂
r (f̂)v = f(< µ,P >, p
∗)v, f̂ ∈ F, v ∈ V̂λ,µ.
Definition 5.1. [5, 17, 23] We define a dynamical representation of Uq,p(B
(1)
N ) on V̂ to be an
H-algebra homomorphism π : Uq,p(B
(1)
N )→ DH,V̂ . By the action of Uq,p(B
(1)




Definition 5.2. For k ∈ C, we say that a Uq,p(B
(1)
N )-module has level k if c act as the scalar k
on it.
Definition 5.3. Let H, N+,N− be the subalgebras of Uq,p(B
(1)
N ) generated by c, d,K
±
i (i ∈ I),
by α∨i,n (i ∈ I, n ∈ Z>0), ei,n (i ∈ I, n ∈ Z≥0) fi,n (i ∈ I, n ∈ Z>0) and by α
∨
i,−n (i ∈ I, n ∈
Z>0), ei,−n (i ∈ I, n ∈ Z>0), fi,−n (i ∈ I, n ∈ Z≥0), respectively.
Definition 5.4. For k ∈ C, λ ∈ h∗ and µ ∈ H∗, a (dynamical) Uq,p(B
(1)
N )-module V̂ (λ, µ) is
called the level-k highest weight module with the highest weight (λ, µ), if there exists a vector
v ∈ V̂ (λ, µ) such that
V̂ (λ, µ) = Uq,p(B
(1)
N ) · v, N+ · v = 0,
c · v = kv, f(P ) · v = f(< µ,P >)v, f(P + h) · v = f(< λ,P + h >)v.
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5.2 Finite dimensional dynamical representation
We here give an elliptic and dynamical analogue of the evaluation representation associated
with the vector representation of B
(1)
N . Let us consider V̂ =
⊕
1m−1
Fvm ⊗ 1 and V̂z = V̂ [z, z
−1].
Here eQα ∈ C[RQ] acts on f(Pβ)v ⊗ 1 by e
Qα(f(Pβ)v ⊗ 1) = f(Pβ − (α, β))v ⊗ 1.
Theorem 5.5. Let Ej,k (1  j, k  −1) denote the matrix units such that Ej,kvl = δk,lvj . The
following gives the (2N + 1)-dimensional dynamical representation of Uq,p(B
(1)




























































































































































































j = Ej,j − Ej+1,j+1, h
−
j = E−j−1,−j−1 − E−j,−j, π(hN ) = 2(EN,N −
E−N,−N ), h
+
N = EN,N − E0,0, h
−
N = E0,0 − E−N,−N .







 [v − u][v − u+ 1] ∑
1kj−1
Ek,k + Ej,j +






[v − u− 1][v − u+ j + η − 1]








 [v − u][v − u+ 1] ∑
1k 6=j−(j+1)
Ek,k +
[v − u][v − u− j − η]
[v − u+ 1][v − u− j + 2N−12 + 1]
Ej,j
+








0 (v)) = ρ
+(v − u)
 [v − u][v − u+ 1] ∑
1kN
Ek,k +






[v − u+ 12 ][v − u− 1]


















[v − u+ Pj,l][1]
[v − u][Pj,l]
− E−j,−l
[v − u+ l − 1 + η + Pj,l][1]




















[v − u+ P−l,−j][1]
[v − u][P−l,−j]
− El,j
[v − u− j − η + P−l,−j + δl,N+1][1]
[v − u− j − η][P−l,−j + δl,N+1]
l−1∏
m=j+1
[P−l,−m − 1 + δl,N+1]
[P−l,−m + δl,N+1]
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[v − u− Pj,−k][1]
[v − u][Pj,−k]
+Ek,−j
[v − u− k − η − Pj,−k][1]
















[v − u+ Pj,−k][1]
[v − u][Pj,−k]
−E−j,k
[v − u− k − η + Pj,−k][1]



















[v − u− 2Pj − 1][1][v − u− j − η + 1]
[v − u][2Pj + 1][v − u− j − η]
+GPj
[v − u− 2Pj − j − λ][1]















[v − u+ 2Pj − 1][1][v − u− j − η + 1]
[v − u][2Pj − 1][v − u− j − η]
−G−Pj
[v − u+ 2Pj − j − η][1]

















[v − u− Pj,−k][1]
[v − u][Pj,−k]
+Ek,−j
[v − u− k − η − Pj,−k][1]

















[v − u+ Pj,−k][1]
[v − u][Pj,−k]
−E−j,k
[v − u− k − η + Pj,−k][1]


















{ [v − u− j2 − 1]
[v − u− j2 ]
Ej,j +
[v − u− j2 − 1]
[v − u− j2 ]
Ej+1,j+1
+
[v − u+ η + j2 + 1]
[v − u+ η + j2 ]
E−j−1,−j−1 +
[v − u+ η + j2 − 1]








{ [v − u− N2 + 1]
[v − u− N2 ]
EN,N +












[v − u− N2 −
1
2 ]









{ [u− v + j2 − 1]
[u− v + j2 ]
Ej,j +
[u− v + j2 + 1]
[u− v + j2 ]
Ej+1,j+1
+
[u− v − η − j2 − 1]
[u− v − η − j2 ]
E−j−1,−j−1 +
[u− v − η − j2 + 1]








{ [u− v + N2 − 1]
[u− v + N2 ]
EN,N +
[u− v + N2 +
1
2 ][u− v +
N
2 − 1]
[u− v + N2 −
1





[u− v + N2 +
1
2 ]






Remark. The statements in this theorem and the next one remain unchanged when one uses
ρ+0 (u) and ρ
+∗
0 (u) instead of ρ
+(u) and ρ+∗(u), respectively. See Sec.6





+(v − u, P )jlik.












= ρ+(v − u)





b(v − u, P−j,−k)E−k,−k
+d¯(v − u, Pj , P−j)Ej,j + E−j,−j
 eQεj .
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Here we used the identity




[u− j − η]




[u− k − η + P−j,−k][u− k − η − P−j,−k][1]
2
[u− k − η][u− k + 1− η][P−j,−k]2
j−1∏
m=k+1
[P−j,−m − 1][P−j,−m + 1]
[P−j,−m]2
 .












= ρ+(v − u)
b¯(v − u) ∑
1kN




b(v − u, P0,−k)E−k,−k
 eQεj
This is due to the identity
e0(u, P ) =
[u− 1][u+ 12 ]
























= ρ+(v − u)E1,−1
{
−
[1][v − u− 2P1 − 1]
[v − u+ 1][2P1 + 1]
+GP1
[v − u][v − u− 2P1 − 1− λ][1]
[v − u+ 1][v − u− λ][2P1 + 1]
}
e−Qε1












= ρ+(v − u)
c¯(v − u, Pj,−k)Ej,−k
+Ek,−jGPj
[v − u][v − u− 1− η − Pj,−k][1]











coincides with d¯(v − u, Pk, Pj).
5.3 The level-1 representation
Next we consider level-1 representation of Uq,p(B
(1)
N ). We follow the work [6]. Let e
αi (i ∈ I) be
the generators of the group algebra C[Q] with the following central extension.
eαieαj = (−1)(αi,αj)+(αi,αi)(αj ,αj)eαjeαi
28
Let us consider the Neveu-Schwartz (NS) fermion {Ψn|n ∈ Z+
1
2} and the Ramond (R) fermion
{Ψn|n ∈ Z} satisfying the following anti-commutation relations.
{Ψm,Ψn} = δm+n,0N (q
m + q−m)




2 ). We define




· · · ], F˜R = C[Ψ−1,Ψ−2, ...]
and their submodules FNS,Reven (reps. F
NS,R
odd ) generated by the even (reps. odd) number of Ψ−m’s.
Due to the zero-mode Ψ0 we have two degenerate vacuum states 1 and Ψ01. We hence consider
the extended space
F̂R = F˜R ⊗C2
and realize the R-fermions by
Ψ̂m = Ψm ⊗
1 0
0 −1




Note that {Ψ̂m, Ψ̂n} = δm+n,0N (q
m + q−m). We set







The action of Ψm on F
NS is given by




where u ∈ FNS , whereas Ψ̂m acts on F
R as
Ψ̂−m · u⊗ v = Ψ−mu⊗
1 0
0 −1




Ψ̂m · u⊗ v = {Ψm, u} ⊗
1 0
0 −1
 v (m ∈ Z>0),












Then we have the operator product expansions





N (z−w)(z+w)(z−qw)(z−q−1w) for R.
Now we define






W (Λ1) = F
NS
even ⊗C[Q0]e
Λ¯1 ⊕FNSodd ⊗ C[Q0],
W (ΛN ) = F
R ⊗ C[Q]eΛ¯N ∼= FR ⊗ C[Q0]e
Λ¯N ⊕FR ⊗ C[Q0]e
Λ¯1+Λ¯N ,
where Q0 denotes the sublattice of Q generated by the long roots. For generic µ ∈ h
∗ and
a = 0, 1, N , we set
V̂ (Λa + µ, µ) = Fα,1 ⊗C (F ⊗CW (Λa))⊗ e
Qµ¯C[RQ].
Then we have the following decomposition.
























FΛN ,γ,κ(ΛN , µ) = F⊗C (Fα,1 ⊗F
R ⊗ eΛ¯N+γ)⊗ eQµ¯+κ ,
FΛN−αN ,γ,κ(Λ1, µ) = F⊗C (Fα,1 ⊗F
R ⊗ eΛ¯N+Λ¯1+γ)⊗ eQµ¯+κ .
Theorem 5.8. [6] The three spaces V̂ (Λa + µ, µ) (a = 0, 1, N) give the level-1 irreducible
Uq,p(Bˆ
(1)
l )-modules with the higest weight (Λa+µ, µ), where the highest weight vectors are given
by 1⊗1⊗1⊗eQµ¯ for V̂ (Λ0+µ, µ), 1⊗1⊗e




for V̂ (ΛN + µ, µ), respectively. The action of the elliptic currents on V̂ (Λa + µ, µ) (a = 0, 1, N)
30
is given as follows.




















 : Ψ(w)eαNwhαN+ 12 e−QαNw−PαN−1/2r∗ , (5.2)
























 : Ψ(w)e−αNw−hαN+ 12w PαN +hαN−1/2r ,
(5.4)
w = q2v, (1 ≤ j ≤ N − 1) together with H±j (v), K
+
j (v) in Sec. 3.2.
6 Vertex Operators of Uq,p(B
(1)
N )
In this section we discuss the type I and II vertex operators of the Uq,p(B
(1)
N )-modules. Through
this section, we use ρ+0 (u) as the prefactor of the R-matrix i.e.
R+(u, s) = ρ+0 (u)R¯
+(u, s).
In addition, we often use the following component form of the RLL-relation (3.19).∑
i′,j′













∗+(u, P − (π(h))i′,i′′ − (π(h))j′,j′′)
i′′j′′
i′j′ . (6.1)
Here the components of the R∗+-matrix is evaluated in the same way as (3.3). For example, the
(j1, j2), (j1, j2) (j1 ≺ j2) component is given by
b∗(u, Pj1,j2 − (π(hj1,j2))j1,j1 − (π(hj1,j2))j2,j2),
where Pj1,j2 = Pǫj1 − Pǫj2 , hj1,j2 = hǫj1 − hǫj2 and π(hǫj ) = Ej,j − E−j,−j (1 ≤ j ≤ N).
6.1 Definition
The type I and II vertex operators are the intertwiners of the Uq,p(B
(1)
N )-modules of the form
Φ̂(u) : V̂ (λ, µ)→ V̂ (λ′, µ)⊗ V̂z, (6.2)
Ψ̂∗(u) : V̂z ⊗ V̂ (λ, µ)→ V̂ (λ, µ
′), (6.3)
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where λ, λ′ ∈ h∗, µ, µ′ ∈ H∗, z = q2u. The V̂z denote the (2N + 1)-dimensional dynamical
evaluation module of Uq,p(B
(1)
N ) given in Theorem 5.5 and 5.6, and V̂ (λ, µ) denote the level-k
highest weight Uq,p(B
(1)
N )-module with highest weight (λ, µ). The level-1 case is given in Theorem
5.8. The vertex operators satisfy the intertwining relations with respect to the comultiplication
∆ given in (4.3)
∆(x)Φ̂(u) = Φ̂(u)x, (6.4)
xΨ̂∗(u) = Ψ̂∗(u)∆(x), ∀x ∈ Uq,p(B
(1)
N ). (6.5)
These intertwining relations are equivalent to the following relations [22]:
Φ̂(23)(u2)L̂
+(12)(u1) = R







+∗(12)(u1 − u2, P − h
(1) − h(2)). (6.7)
The relation (6.6) (resp. (6.7)) should be understood on V̂z1⊗ V̂ (λ, µ) (resp. V̂z1⊗ V̂z2⊗ V̂ (λ, µ)).
These relations are also expected [13] from the quasi-Hopf algebra formulation of the face type
elliptic quantum group Bq,λ(B
(1)
N ) [12] by using the connection given in Appendix A.







Φm (u)⊗ vm, Ψ̂























u1 − u2 +
1
2














u1 − u2 −
c
2




Proposition 6.1. Let the half currents E+l,k(u) and F
+
k,l(u) (1  k ≺ l  −1) take their form as
given in Definition 3.5 and Appendix B. Assume that the top components Φ−1(u) and Ψ
∗
−1(u)
satisfy the following conditions:


























[Φ−1(u2), Pl] = 0, [Φ−1(u2), El(u1)] = 0. (1 ≤ l ≤ N), (6.14)
Φ−1(u2)(P + h)k,−1 = ((P + h)k,−1 − 1)Φ−1(u2), (6.15)
Φ−1(u2)F1(u1) =
[u2 − u1 − η]
[u2 − u1 − η − 1]
F1(u2)Φ−1(u1), (6.16)
Φ−1(u2)Fj(u1) = Fj(u1)Φ−1(u2) (2 ≤ j ≤ N). (6.17)






















[Ψ∗−1(u2), (P + h)l] = 0, [Ψ
∗






















−1(u2)Ej(u1) (2 ≤ j ≤ N). (6.23)
Proof. We consider the type I case only. The type II case can be proved similarly. From the
































Then from the assumption i), (6.25) implies that Φ−1(u2)K
+
−1(u1) has a zero at u1 − u2 = −
3
2 .
We will check these points for the level-1 representation.









From the conjectural expressions for E+−1,j(u) in Appendix B, the sufficient conditions for (6.28)
are
[Φ−1(u2), Pl] = 0, [Φ−1(u2), El(u1)] = 0. (1 ≤ l ≤ N) (6.29)










b(u1 − u2 +
1
2
, (P + h)k,m)L
+
k,j(u1)Φm(u2)
+c(u1 − u2 +
1
2













−1(u) in the case










{ [(P + h)k,−1 + 1][(P + h)k,−1 − 1][u1 − u2 + 12 ]







[1][(P + h)k,−1 + u1 − u2 +
1
2 ]






Putting u1 − u2 = −
3














The remaining component Φ1(u) is also obtained from Φ−1(u) as follows. From the compo-






+(u1 − u2 +
1
2





+R+(u1 − u2 +
1
2






R+(u1 − u2 +
1
2












= R+(u1 − u2 +
1
2
, P + h)−111−1K
+
−1(u1)Φ1(u2)









−R+(u1 − u2 +
1
2





Then again setting u1 − u2 = −
3
2 , the left hand side and the second term in right hand side







Combining (6.32) and (6.33), we obtain (6.12).
Furthermore, substituting (6.12) into (6.31), we obtain the sufficient conditions (6.15)-(6.17).





































= ρ+0 (u1 − u2 +
1
2
)b(u1 − u2 +
1
2





+ρ+0 (u1 − u2 +
1
2
)c(u1 − u2 +
1
2
, (P + h)k,−1)K
+
−1(u1)Φk(u2). (6.34)






= ρ+0 (u1 − u2 +
1
2
)b(u1 − u2 +
1
2





+ρ+0 (u1 − u2 +
1
2
)c(u1 − u2 +
1
2


































Then it is sufficient to show
b(u1 − u2, (P + h)k,−1)F
+














This is nothing but the component (i, j) = (−1,−1), (i′′, j′′) = (k,−1) of (6.1).
6.2 Level one vertex operators and commutation relations
Next we consider a free field realization of the vertex operators fixing the representation level
c = 1.
From the sufficient conditions obtained in Propostion 6.1, we can determine the free field
realizations of vertex operators as follows:
Proposition 6.3. The highest components of the type I and type II vertex operators Φ−1(u)














(qm − q−m)E−1m (q
−1ξz)−m
 : e−ǫ1eQǫ1 (ξz)−hǫ1 (ξz) 1r∗Pǫ1 . (6.39)
These realizations satisfy the assumptions i) and ii) in Proposition 6.1.
Proof. By straightforward calculations, we can show that (6.38) (resp. (6.39)) satisfies the
sufficient conditions (6.25), (6.29), and (6.15)-(6.17) (resp. (6.19)-(6.23)).
Theorem 6.4. The free field realizations of the type I Φj(u) and the type II Ψ
∗
j(u) vertex




















































Proof. Let us show the commutation relation of the type I vertex operators (6.40). For
j1 = j2 = −1, the equation
Φ−1(u2)Φ−1(u1) = µ(u1 − u2)Φ−1(u1)Φ−1(u2) (6.47)
can be shown by straightforward calculation with the use of the free field realization (6.38).































where u = u1 − u2. From the component (i, j) = (−1,−1), (i

































from the right, we obtain the desired equation (6.48).
For j1 = −1, 1  j2  −2, using (6.12), (6.47) and Lemma 6.2, the equation (6.40) is reduced
to the following equation of the half currents:
F+j2,−1(u2) (6.51)
= R¯+(u, P + h)−1−1−1j2 +
−2∑
j′2=1























































From the component (i, j) = (−1,−1), (i′′, j′′) = (−1, j2) of (6.1), we have














































Multiplying the above equation by (6.50) from the right, we obtain the desired equation (6.51).
The case 1  j1  −2, j2 = −1 can be proved in the same manner.
Similarly, one can prove the commutation relation of the type II vertex operators (6.41).
Next, let us consider the relation (6.42). The case j = k = −1 is a direct consequence from
Proposition 6.3. The cases j = −1 or k = −1 can be shown as follows: consider the case k = −1

























= χ(u1 − u2)Ψ
∗
−1(u2)Φj(u1). (6.53)
Then the general case is proved as follows. Since both Φ̂(u1)Ψ̂
∗(u2) and (Ψ̂
∗(u2)⊗id)(id⊗Φ̂(u1))
commute with ∆(x) (∀x ∈ Uq,p(B
(1)
N )), they act as scalars on the irreducible module Vz2 ⊗ V̂ (λ).
In order to compare the scalars, we will see their actions on v−1 ⊗ |λ〉 ∈ Vz2 ⊗ V̂ (λ).
Φ̂(u1)Ψ̂



























)|λ〉 ⊗ vj. (6.54)
Here the last equality follows from (6.53). On the other hand














)|λ〉 ⊗ vj . (6.55)
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Comparing (6.54) and (6.55), we get
Φ̂(u1)Ψ̂
∗(u2) = χ(u1 − u2 +
1 + c
2
)(Ψ̂∗(u2)⊗ id)(id ⊗ Φ̂(u1)). (6.56)
Hence comparing the components of the both sides, and changing variables u1+
1
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A Relation to the Quasi-Hopf Formulation Bq,λ(ĝ)
A.1 Definition of Bq,λ(B
(1)
N )
Let Uq = Uq(B
(1)
N ) be the Drinfeld-Jimbo affine quantum group [3, 9]. Namely, Uq(B
(1)
N ) is
a quasi-triangular Hopf algebra realized by the Chevalley generators and equipped with the
standard coproduct ∆0, counit ε, antipode S and universal R matrix R. Our conventions on
the coalgebra structure follows [12]. Let h and h¯ be the Cartan subalgebras as in Sec.2.1. We
denote a basis and its dual basis of h by {hˆl} and {hˆ
l}, respectively. More explicitly, they are
given by {hˆl} = {d, c, hj} and {hˆ
l} = {c, d, hj} (1 ≤ j ≤ N), where {hj} and {h
j} are a basis
and a dual basis of h¯.
The face type elliptic quantum group Bq,λ(B
(1)
N ) is a quasi-Hopf deformation of Uq(B
(1)
N )
by the face type twistor F (λ) (λ ∈ h). The twistor F (λ) is an invertible element in Uq ⊗ Uq
satisfying
(id⊗ ε)F (λ) = 1 = F (λ)(ε ⊗ id), (A.1)
F (12)(λ)(∆0 ⊗ id)F (λ) = F













l = hˆl ⊗ 1 ⊗ 1. An explicit
construction of the twistor F (λ) is given in [12]. Then we define a new coproduct by
∆λ(x) = F (λ)∆0(x)F (λ)
−1 ∀x ∈ Uq(B
(1)
N ). (A.3)
∆λ satisfies a weaker coassociativity
(id⊗∆λ)∆λ(x) = Φ(λ)(∆λ ⊗ id)∆λ(x)Φ(λ)
−1 ∀ x ∈ Uq(B
(1)
N ), (A.4)
Φ(λ) = F (23)(λ)F (23)(λ+ h(1))−1. (A.5)
The universal R-matrix is also deformed to
R(λ) = F (21)(λ)RF (12)(λ)−1. (A.6)
Definition A.1. [12] The face type elliptic quantum group Bq,λ(B
(1)
N ) is a quasi-triangular
quasi-Hopf algebra (Uq(B
(1)










i ki ⊗ li = F (λ)
−1,
∑
imi ⊗ ni = F (λ).
The new universal R matrix R(λ) satisfies the dynamical Yang-Baxter equation.
R(12)(λ+ h(3))R(13)(λ)R(23)(λ+ h(1)) = R(23)(λ)R(13)(λ+ h(2))R(12)(λ). (A.8)









that if we parametrize λ ∈ h∗ as λ = λ(r∗, P ) = (r∗ + h∨)d +
∑N
j=1(Pα′j + 1)Λ¯j with α
′
j being
the simple roots of the dual Lie algebra g¯∨ of g¯, the vector representation of R(λ) coincides with
the corresponding face weight derived by Jimbo, Okado and Miwa [10]. In particular, for the
B
(1)
N type, if we set




































for λ = λ(r∗, P ), then R+∗(z, P ) and R+(z, P + h) coincide with (3.3) up to a gauge transfor-
mation. Moreover we define the L operators of Bq,λ(ĝ) by






















Note that L+(z, P ) and L−(z, P ) are not independent: we have
L−(z, P ) = L+(zp∗qc, P ). (A.9)
In addition, if we define
R−∗(z, P ) = (πV,z1 ⊗ πV,z2)R
(21)(λ)−1q−c⊗d−d⊗c,
R−(z, P + h) = (πV,z1 ⊗ πV,z2)R
(21)(λ+ h)−1q−c⊗d−d⊗c,
Then we have R−∗(z, P ) = R+∗(zp∗qc, P ),R−(z, P + h) = R+(zpq−c, P + h). Combining these
formulas we obtain from (A.8) the following dynamical RLL relations [13]
R±(z, P + h)L±(z1, P )L
−(z2, P + h
(1)) = L±(z2, P )L
±(z1, P + h
(2))R±∗(z, P ), (A.10)
R±(zq±c, P + h)L±(z1, P )L
∓(z2, P + h
(1)) = L∓(z2, P )L




L̂±(z) = L±(z, P )e−
∑






where πV (hεj ) = Ejj−E−j−j for the case B
(1)
N . Then one can verify that L̂
±(z) satisfy the RLL
relations




±∗(z, P ), (A.12)




±∗(zq∓c, P ). (A.13)
These RLL-relations coincide with (3.19) and (3.20).
B Integral Expressions for the Half Currents
For X = E,F , let us denote by [Xj1(v1) · · ·Xjm(vm)] the product of the elliptic currents












of EN (vN ), w
(P+h)αj−1
r




N of FN (vN ), are normally
ordered, i.e. they are moved to the right of all ej(wj) and fj(wj) by using (2.5) and (2.6).
i) The j ≺ k ≺ N case:
[Ej(vj)Ej+1(vj+1) · · ·Ek(vk) · · ·EN (vN )EN (v
′
N ) · · ·Ek(v
′
k)]
= ej(vj)ej+1(vj+1) · · · ek(vk) · · · eN (vN )eN (v
′






















































k+1) · · ·EN (v
′





k+1) · · · eN (v
′






























ii) The j = k ≺ N case:
[Ej(vj)Ej+1(vj+1) · · ·EN (vN )EN (v
′
N ) · · ·Ej(v
′
j)]
= ej(vj)ej+1(vj+1) · · · eN (vN )eN (v
′


















































































iii) The k ≺ j ≺ N case:
[Ej(vj)Ej+1(vj+1) · · ·EN (vN )EN (v
′
N ) · · ·Ej(v
′
j) · · ·Ek(v
′
k)]
= ej(vj)ej+1(vj+1) · · · eN (vN )eN (v
′
N ) · · · ej(v
′





































k+1) · · ·Ej(v
′
j) · · ·EN (v
′





k+1) · · · ej(v
′
j) · · · eN (v
′















































iv) The k ≺ j = N case:
[EN (vN )EN (v
′
N ) · · ·Ek(v
′
k)]
= eN (vN )eN (v
′
N ) · · · ej(v
′



























k) · · ·EN (v
′
N )EN (vN )]
= ek(v
′
k) · · · eN (v
′























v) The j ≺ k = N case:
[Ej(vj) · · ·EN (vN )EN (v
′
N )]



























N )EN (vN ) · · ·Ek(vj)]
= eN (v
′






















vi) The j = k = N case:
[EN (vN )EN (v
′















N )EN (vN )] = eN (v
′











The Fj(vj)’s counterpart of the product [Ej1(v1) · · ·Ejm(vm)] is obtained by replacing ejk(vk)













[Fl−1(vl−1)Fl−2(vl−2) · · ·Fj(vj)]f
+








[Fj(vj)Fj+1(vj+1) · · ·Fl−1(vl−1)]f
−








[Fj(vj)Fj+1(vj+1) · · ·Fl−1(vl−1)]f
+








[Fl−1(vl−1)Fl−2(vl−2) · · ·Fj(vj)]f
−










[Ej(vj)Ej+1(vj+1) · · ·El−1(vl−1)]g
+








[El−1(vl−1)El−2(vl−2) · · ·Ej(vj)]g
−










[El−1(vl−1)El−2(vl−2) · · ·Ej(vj)]g
+








[Ej(vj)Ej+1(vj+1) · · ·El−1(vl−1)]g
−
−j,−l(v, vj · · · , vl−1, P ),
f±j,l(v, vj · · · , vl−1, P + h) =
[v − vl−1 + (P + h)j,l +
l−1
2 − 1][1]
[v − vl−1 +
l−1
2 ][(P + h)j,l − 1]
l−2∏
m=j
[vm+1 − vm + (P + h)j,m+1 −
1
2 ][1]
[vm+1 − vm ±
1
2 ][(P + h)j,m+1]
,
f±−l,−j(v, vj · · · , vl−1, P + h)
=
[v − vj + (P + h)−l,−j −
j
2 − η − 1 + δl,0][1]
[v − vj −
j
2 − η][(P + h)−l,−j − 1 + δl,0]
l−2∏
m=j
[vm − vm+1 + (P + h)−l,−(m+1) −
1
2 + δl,0][1]
[vm − vm+1 ±
1
2 ][(P + h)−l,−(m+1) + δl,0]
,
g±l,j(v, vj · · · , vl−1, P ) =
[v − vl−1 +
l−1−c
2 + 1− Pj,l]
∗[1]∗















g±−j,−l(v, vj , · · · , vl−1, P )
=
[v − vj −
j+c
2 − η + 1− P−l,−j − δl,0]
∗[1]∗
[v − vj −
j+c
2 − η]
∗[P−l,−j − 1 + δl,0]∗
l−2∏
m=j




[vm − vm+1 ±
1
2 ]
∗[P−l,−(m+1) − 1 + δl,0]∗
.
C±j,l : |pq
lw| < |wl−1| < |q
lw|, |pq±1wm+1| < |wm| < |q
±1wm+1|,
C±−l,−j : |pq
−j+1ξw| < |wj | < |q
−j+1ξw|, |pq±1wm| < |wm+1| < |q
±1wm|,
C∗±l,j : |q
l+cw| < |wl−1| < |p
∗−1ql+cw|, |q±1wm+1| < |wm| < |p
∗−1q±1wm+1|,
C∗±−j,−l : |q
−j+1+cξw| < |wj | < |p
∗−1q−j+1+cξw|, |q±1wm| < |wm+1| < |p
∗−1q±1wm|
44




The following is a conjectural expression for the half currents of the second type, which we
obtained by requiring that the integrand should be single-valued and the vector represention of
the L-operator should reproduce the R-matrix.













[Ej(vj)Ej+1(vj+1) · · ·Ek(vk) · · ·EN (vN )EN (v
′
N ) · · ·Ek(v
′
k)]





















k+1) · · ·EN (v
′
N )EN (vN ) · · ·Ek(vk) · · ·Ek(vj)]
×g−−k,j(v, vj , · · · , v
′
k, P ),




[v − v′k −
k+c
2 − η − Pj,−k + 1]
∗[1]∗





























































[v − v′k −
k+c
2 − η − Pj,−k + 1]
∗[1]∗



















[v′N − vN ]
∗




[v′N − vN − Pj,0]
∗[1]∗
























∗−1q±1w′m−1| (k + 1 ≤ m ≤ N),
|q∓1w′N | < |wN | < |p
∗−1q∓1w′N |, |q
±1wn| < |wn−1| < |p
∗−1q±1wn| (j + 1 ≤ n ≤ N)
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[Ej(vj)Ej+1(vj+1) · · ·EN (vN )EN (v
′
N ) · · ·Ek(v
′
j)]
×g+−j,j(v, vj , · · · , v
′



















j+1) · · ·EN (v
′
N )EN (vN ) · · ·Ek(vj)]
×g−−j,j(v, vj , · · · , v
′
j , P ),
g+−j,j(v, vj , · · · , v
′
j , P )
=
[v − v′j −
j+c
2 − η − 2Pj + 1]
∗[1]∗





































[v − vj +
−j+1+c
2 − η + 1]
∗





g−−j,j(v, vj , · · · , v
′
j , P )
=
[v − v′j −
j+c
2 − η − 2Pj + 2]
∗[1]∗



















[v′N − vN ]
∗




[v′N − vN − Pj,0]
∗[1]∗



















−j+1+cξw| < |w′j | < |p




|q∓1w′N | < |wN | < |p
∗−1q∓1w′N |, |q
±1wm| < |wm−1| < |p
∗−1q±1wm|
for j + 1 ≤ m ≤ N with
|q−j+1+cξw| < |wj | < |p
∗−1q−j+1+cξw| for C∗+−j,j,
|q−3w′N | < |wN | < |p

















[Ej(vj)Ej+1(vj+1) · · ·EN (vN )EN (v
′
N ) · · ·Ej(v
′
j) · · ·Ek(v
′
k)]





















k+1) · · ·Ej(v
′
j) · · ·EN (v
′
N )EN (vN ) · · ·Ek(vj)]
×g−−k,j(v, vj , · · · , v
′
k, P ),




[v − v′k −
k+c
2 − η − Pj,−k + 1]
∗[1]∗










































[v − v′k −
k+c
2 − η − Pj,−k + 1]
∗[1]∗
































[v′N − vN ]
∗




[v′N − vN − Pj,0]
∗[1]∗
























∗−1q±1w′m−1| (k + 1 ≤ m ≤ N),
|q∓1w′N | < |wN | < |p
∗−1q∓1w′N |, |q
±1wn| < |wn−1| < |p
∗−1q±1wn| (j + 1 ≤ n ≤ N),
in addition, for C∗−−k,j
|q−3w′N | < |wN | < |p
∗−1q−3w′N |.
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vi) For j = k = N , we obtain from (B.11) and (B.12),













−N,N (v, vN , v
′










N )EN (vN )]g
−
−N,N (v, vN , v
′
N , P ),
g+−N,N (v, vN , v
′
N , P ) =
[v − v′N −
N+c









[v′N − vN − PN,0 + 1]
∗[1]∗







[v − vN −
N+c









g−−N,N (v, vN , v
′
N , P ) =
[v − v′N −
N+c









[v′N − vN − PN,0 + 1]
∗[1]∗







[v − vN −
N+c










−N+1+cξw| < |wN |, |w
′
N | < |p
∗−1q−N+1+cξw|, |q∓1w′N | < |wN | < |p
∗−1q∓1w′N |.















[Fk(vk)Fk+1(vk+1) · · ·FN (vN )FN (v
′
N ) · · ·Fk(v
′
k) · · ·Fj(v
′
j)]
×f+k,−j(v, vk, · · · , v
′


















j+1) · · ·Fk(v
′
k) · · ·FN (v
′
N )FN (vN ) · · ·Fk(vk)]
×f−k,−j(v, vk, · · · , v
′
j , P + h),
f+k,−j(v, vk, · · · , v
′
j , P + h)
=
[v − v′j −
j
2 − η − 1 + (P + h)k,−j][1]
[v − v′j −
j












2 ][(P + h)k,−m]
×
[v′N − vN ]
[v′N − vN +
1
2 ]
[v′N − vN + (P + h)k,0 − 2][1]
[v′N − vN −
3





[vm − vm−1 + (P + h)k,m −
1
2 ][1]
[vm − vm−1 −
1
2 ][(P + h)k,m]
,
f−k,−j(v, vk, · · · , v
′
j , P + h)
×
[v − v′j −
j
2 − η − 1 + (P + h)k,−j][1]
[v − v′j −
j
























2 ][2(P + h)k − 1]
[v′N − vN + (P + h)k,0 −
3
2 ][1]
[v′N − vN −
1




[vm − vm−1 + (P + h)k,m −
1
2 ][1]
[vm − vm−1 +
1




−j+1ξw| < |w′j | < |q
−j+1ξw|, |pq∓1w′m−1| < |w
′
m| < |q
∓1w′m−1| (j + 1 ≤ m ≤ N),
|pq±1w′N | < |wN | < |q
±1w′N |, |pq
∓1wn| < |wn−1| < |q
∓1wn| (k + 1 ≤ n ≤ N),
in addition, for C+k,−j
|pq−3w′N | < |wN | < |q
−3w′N |.















[Fj(vj)Fj+1(vj+1) · · ·FN (vN )FN (v
′
N ) · · ·Fj(v
′
j)]
×f+j,−j(v, vj , · · · , v
′
















j+1) · · ·FN (v
′
N )FN (vN ) · · ·Fj(vj)]
×f−j,−j(v, vj , · · · , v
′
j , P + h),
f+j,−j(v, vj , · · · , v
′
j , P + h)
=
[v − v′j −
j
2 − η − 1 + 2(P + h)j − 1][1]
[v − v′j −
j












2 ][(P + h)j,−m − 1]
×
[v′N − vN ]
[v′N − vN +
1
2 ]
[v′N − vN + (P + h)j,0 − 3][1]
[v′N − vN −
3





[vm − vm−1 + (P + h)j,m −
3
2 ][1]
[vm − vm−1 −
1
2 ][(P + h)j,m − 1]
,
f−j,−j(v, vj , · · · , v
′
j , P + h)
=
[v − v′j −
j
2 − η − 1 + 2(P + h)j − 2][1]
[v − v′j −
j












2 ][(P + h)j,−m]
×
[v′N − vN + (P + h)j,0 −
3
2 ][1]
[v′N − vN −
1
2 ][(P + h)j,0 − 2]
N∏
m=j+1
[vm − vm−1 + (P + h)j,m −
1
2 ][1]
[vm − vm−1 +
1
2 ][(P + h)j,m]
×
[v − v′j −
3j−2
2 − 2η]
[v − v′j −
3j−2
2 − 2η − 1]
.
C±j,−j : |pq
−j+1ξw| < |w′j | < |q




|pq±1w′N | < |wN | < |q
±1w′N |, |q
∓1wm| < |wm−1| < |q
∓1wm|
for j + 1 ≤ m ≤ N with
|pq−3w′N | < |wN | < |q
−3w′N | for C
+
j,−j,
|pq−3j−5ξ2w| < |w′j | < |q
−3j−5ξ2w| for C−j,−j.
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[Fk(vk)Fk+1(vk+1) · · ·Fj(vj) · · ·FN (vN )FN (v
′
N ) · · ·Fj(v
′
j)]
×f+k,−j(v, vk, · · · , v
′


















j+1) · · ·FN (v
′
N )FN (vN ) · · ·Fj(vj) · · ·Fk(vk)]
×f−k,−j(v, vk, · · · , v
′
j , P + h),
f+k,−j(v, vk, · · · , v
′
j , P + h)
=
[v − v′j −
j
2 − η − 1 + (P + h)k,−j][1]
[v − v′j −
j












2 ][(P + h)k,−m]
×
[v′N − vN ]
[v′N − vN +
1
2 ]
[v′N − vN + (P + h)k,0 − 2][1]
[v′N − vN −
3






[vm − vm−1 + (P + h)k,m −
1
2 ][1]
[vm − vm−1 −
1
2 ][(P + h)k,m]
×
[vj − vj−1 + (P + h)k,j +
1
2 ][1]
[vj − vj−1 −
1
2 ][(P + h)k,j]
,
f−k,−j(v, vk, · · · , v
′
j , P + h)
=
[v − v′j −
j
2 − η − 1 + (P + h)k,−j][1]
[v − v′j −
j












2 ][(P + h)k,−m]
×
[v′N − vN + (P + h)k,0 −
3
2 ][1]
[v′N − vN −
1
2 ][(P + h)k,0 − 2]
N∏
m=k+1
[vm − vm−1 + (P + h)k,m −
1
2 ][1]
[vm − vm−1 +
1
2 ][(P + h)k,m]
.
C±k,−j : |pq
−j+1ξw| < |w′j | < |q
−j+1ξw|, |pq∓1w′m−1| < |w
′
m| < |q
∓1w′m−1| (j + 1 ≤ m ≤ N),
|pq±1w′N | < |wN | < |q
±1w′N |, |pq
∓1wn| < |wn−1| < |q
∓1wn| (k + 1 ≤ n ≤ N),
in addition, for C+k,−j
|pq−3w′N | < |wN | < |q
−3w′N |.
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vi) j = k = N









N )FN (vN )]f
+
N,−N (v, vN , v
′












N,−N (v, vN , v
′
N , P + h),
f+N,−N (v, vN , v
′
N , P + h) =
[v − v′N −
N
2 − η + 2(P + h)N −
5
2 ][1]
[v − v′N −
N
2 − η][2(P + h)N − 3]
×
[v′N − vN + (P + h)N,0 − 2][1]
[v′N − vN −
1
2 ][(P + h)N,0 −
3
2 ]
[v − vN −
N−1
2 − η +
1
2 ]




f−N,−N (v, vN , v
′
N , P + h) =
[v − v′N −
N
2 − η + 2(P + h)N −
5
2 ][1]
[v − v′N −
N
2 − η][2(P + h)N − 3]
×
[v′N − vN + (P + h)N,0 − 2][1]
[v′N − vN +
1
2 ][(P + h)N,0 −
3
2 ]
[v − vN −
N−1
2 − η +
1
2 ]





−N+1ξw| < |wN |, |w
′
N | < |q
−N+1ξw|, |pq∓1w′N | < |wN | < |q
∓1w′N |.
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